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A model of weak turbulence amenable to solution is investigated. There are three modes of interacting
waves whose laws of dispersion are so chosen that it is possible to go over to the diffusion approximation
in k-space. The steady-state spectrum of the turbulence in the presence of regions of instability, trans-
parency and damping is found. The formal apparatus of nonlinear wave dynamics is also discussed.

In the investigation of plasma turbuleilce cases are encountered where the turbulent state is a system of intense in-
teracting oscillations. If it is assumed that the amplitudes of the oscillations are not too large and the random phase hy-
pothesis is adopted, this state may be described with the aid of the kinetic equation [1-4], In these circumstances it is
natural to speak of weak plasma turbulence.

Mathematically, the kinetic equations are very hard to solve, so that it is customary to make do with an estimate.
A similar situation exists in connection with the theory of gravitational waves at the surface of a liquid.. Accordingly, it
is convenient to talk in terms of general nonlinear wave dynamics, i.e., to consider an arbitrary medium in which waves
subject to nonlinear interaction can propagate.

Within the framework of nonlinear wave dynamics it is possible to construct models for which the kinetic equations
can be solved. The study of one such model is the subject of this article. The possibility of solving the model exists be~
cause in a given case we can go over to the diffusion approximation in k-space and solve the differential equations ob-
tained. We can also get the steady-state spectrum of the turbulence in the presence of a region of instability and a re-
gion of damping.

In this article the author applies the apparatus of nonlinear wave dynamics, which was previously employed, at

least in part, in [1, 5]. Since this apparatus is not generally known. it will first be described in some detail.

1. Formalism of nonlinear wave dynamics, The essence of the method consists in going over to new variables —
complex wave amplitudes that are classical analogues of the quantum operators of particle production and annihilation.
The transition has a parallel in the method of variation of arbitrary constants in the theory of differential equations.

Consider wave propagation in an infinite homogeneous medium. Let the medium be described by a set of n real
variables Xy, ..., Xy dependent on time and the coordinates, and let these variables satisfy an equation containing a lin-
ear and a bilinear part and which is invariant with respect to space -time displacements.

In its most general form this equation may be written:
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where Gpp and Ly are real coefficient functions. If Egs. (1. 1) are differential, they contain derivatives of the &-func-
tions.

After a Fourier transformation with respect to time and the coordinates, we get:

Gy (&, ©) o (K, ©) = { dooy { dooy { d § Ao Lot (0, 01, @0, K, Ky, Ko)

, 1.2
X 8 (@ — 0y — ©9) 8 (k— Ky — ky) X (K, 03) ¥y (kg ©s) .

Since the starting functions are real. the Hermite conditions
X (b, ©) =* (=K, —0) = g (K, ©), Gt (&, @) = Gun (k, 0) W

Lﬁ:nl ((D, W, O3, kr kh ‘k2)=anml (m! 4, Og, k, 'klv k2)

N

are fulfilled. We shall assume that w is complex. Then G and L possess definite analytic properties with respect to the
frequency variables.

If it is to be meaningful to speak of linearization, the function Lymj(w, wy wa k. ky, ky) must not become infin-
ite for real values of the arguments..'The linearized equation has.the form:
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- (k, ®) Xm (k, 0)=0

It has a solution for certain values of wy(k) determined from the condition

det | Gnm | =0 . (1. 4)

We shall make the following assumptions concerning the zeros of Eq. (L. 4).

1) The number of zeros is finite, which corresponds to a finite number of wave modes capable of propagating in
the medium.

2) The zeros enter into Eq. (1. 4) in pairs, so that positive and negative subscripts can be attached to them. and

010 (k) = = 000 (k) + iv (K) . (1.5)

The real part of the frequency can be made positive. This condition is the result of symmetry with respect to re-
flection of the coordinates and holds for a medium at rest.

3) The function wyg(k} # 0. This condition enables us to exclude nonwavelike motions of the medium, In real
problems, in hydrodynamics, for example. such motions may be present, in which case they must be considered separ-
ately.

We shall also disregard the case of mulriple roots of Eq. (1.4); this arises, for example, in connection with waves
of different polarization in a nongyrotropic medium, In principle, this case is not any more difficult, but it does lead to
more complicated calculations.

The general Hermitian solution of Eq. (1.4) is

o (6, @) = 3} Ay (K) 2,00 8 @ — 0y (K)), A, 4 (K) = Ans" () o
- aa(l) = 0 () . |

We shall seek a solution of nonlinear equation (1. 2) in the form:

D
¥ (k, @) = 2 A (k) a, (k, ©) (L.7)
where ag(k, w) are the new variables. We substitute (1. 7) in (1. 2). The left side of Eq. (1. 2) assumes the form:

G (K, ©) Aps (K) 8 (k, 0) = Goi (k, 0) (0 — 0, (K)) a, (k, ). (1.8)

The rank r of the matrix Gn(sl) is equal to the rank of the matrix Ay, and, obviously, can not be greater than 2p.
If r = 2p, then the transformed equation can at once be solved with respect to (W - Wy(k))ag (k. w). It < 2p, it is nec-
essary to impose 2p — r additional conditions on a,. We choose these conditions in the form:

P

3 (©— o0, k) =0  (@=1,...2p—n. (1.9

 s=—p

Obviously, they are independent of each other and can not be expressed linearly in terms of Apg(k). Equations (1. 8) and
(1. 9) can be solved with respect to (W — wyk))agk, w). As a result we get:

(0— 0, (K) ¢ = — { doy {do, § die, {dky Mo, (0, 01, 03, K, Ku, ko) X 010
‘ X 8 (@ — @y —0p) 8 (k—ky — ko) as; (kl_, @1) Qg (Ko, o)

where Mg s, is the transformed function Lpy,;. After an inverse Fourier transformation with respect to time we get:
t t

(i g—o®)a e, = {dtn { dtaMus (t— 1, 1 —ta, K, Ty, Kg) X

—Co 0

X 8 (k —ky —ky) a5, (t1, ki) as, (83, ko) dkydk, |,

If the amplitudes are small enough, Eq. (1. 11) can be simplified. We shall make the change of variables

(1. 11)

(kB =c,(k, t) e ™ (1. 12)
Substituting (1. 12) in (1. 11), we get:
’acl, ' , ’ co oo -
it = Sa’le dky exp it [, (k) — ws; (1) — 05y (ka) ]} Sch'l S-dt, X
1] 0
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x Mssxsn (1'1’ 1’2, k, klx Ky) €1 (t — o, ky) Coa (£ — 7, ko) exp {i[ 0, (k11:1+m5,(k2)172])

If the ¢ are sufficiently small, we can neglect the derivatives of cg with respect to time, as in the Bogolyubov-
Krylov method, and take cg, and cg, out of the integrals with respect to 7. Reverting to the variables ag, we get:

. . a -
(75— 00 (0)) a, (k, 1) = { dlerdieaN s, (k, T, o) 8 (k— ey — k) g (k) 2, ()
) (1. 13)

[o0] [os]

Niss, = Sd"fl Sde Mg, (11, T, k, .k;, ky) exp (i, (k;) 11 + i, (ko) To} -
h .

4]

If the starting equation has the form

.axn 'H ’ ,d H(1) ’ ” dldu
l_—é?‘*_, nm(r—"r)Xm(r) nml(r——r)r—r)Xm(r) ( ) T ar
then the equations at once assume the form (1. 13).

Note that no use is made of the commutative nature of the multiplication of the quantities ¥ and ag. This means
that the above procedure is applicable to quantum theory. In this case, equations (1. 13) and (1. 14) will be the Heisen-
berg equations for the operators of particle annihilation and production. We now note that a_g(k) = a§(—k). Substituting
this relation in (1. 13) and changing sign where necessary, we finally get:

(i 2 — 0, @), w= (s ey V.80, 0, ey, )8 — By — ) 0, (k) X
X s, (ko) + 2N, (k, ki, ko) 8 (k + ky — k) as,* (k1) as, (kp) + N o X (1. 14)
X (ks kl) k2) d (k + kl +k2) asx* (kl) asz* (k2)]

We shall call Egs. (1. 14) the equations in normal form. They coincide in number with the number of wave modes.

Special interest attaches to the case in which the medium is transparent. Then all wg(k) are real, and there is a
normalization of ag such that definite symmetry relations exist between N D, N®, and NG,

1f we determine the transparency of the medium as the invariance of some real functional of ag with a bilinear and
a trilinear part, we can show that this functional H is a Hamiltonian for the system, and Eqs, (1.14) are obtained by

varying H in accordance with the rule

9
i 8 (1. 15)

The most genefal form of this Hamiltonian is
H =3 {0, 05) a4 () % () b - § 17 (s oy k) 0% (), (1) @, (e) +
+ Hals (k, kg, Ky) a5 (k) an,* (k1) 05" (ko)] 5 (k—k; — k) dk, dk, +

(1. 16)
+ § LHLB, (5, T, o) 0, (8]0, (3) 24, (g) +
+HID, (6, Ty, o) 0% (k) 0y (k) dg* (a)] O (K +ky + k) dky dhy
where
H B (k, kg, k) = H,D, (&, ko Ky,
(1.17)

Ha(:)s, (k: k11 kz) = Hs; 88y (kb kl kz) Hl 8,8, (k1 k2’ kl) .

We can now write down the most general form of the normal equations in a transparent medium

(i 53— 00 () au(l) = { dle dicy [H, 5 (s e, ) s, (k) @, ) B (k — ler— o)+
+ 2H 0 (K1, K, k) 8 (k + Iy —ky) a5,* (kq) a4, (ko) +
+ H 0y (k) ag (ko) 8 (k + 1k + ko))
Many problems of plasma turbulence lead to non-Hamiltonian equations, even if the free equations are Hamilton-

ian [6, T]. In these circumstances an important part is played by so-called nonlinear Landau damping. However. weshall
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confine ourselves to the Hamiltonian case, and in constructing models we shall start-directly from the Hamiltonians,

2. Three-wave model. Let us consider the following model. Suppose we have waves of three modes, A, B, and
C. described by the variables ak, by, and ¢, respectively. The laws of dispersion are as follows:

Vg =W,  Op = Wy, Wc = V@32 -+ s?k? . 2.1

The parameter ¢ is small and subsequently tends to zero. The laws of dispersion are subject to the conditions:

03 < ,0)1 —0y L Wy (2. 2)

The model is considered in the region of wave numbers

k]| <s1V 0 — ag . (2.3)
In this region the only first-order dynamic process of the theory of perturbations is
AZB+C 2. 49)
which obeys the conservation laws
w4 = Op + Oc, ks =kp +-kc. (2.5)

We select the Hamiltonian of the system in the form

H = {osaardk + {opbiberdk 4 §oc &) crec*dk + o
+ A S (ak*bklck, + akbk,*ckg*) 8 (k -_ kl —_— kg) de dkz . .

Clearly, the model is a classical analogue of the Lee quantum model. The absence of cross terms is unimpor-
tant, since in the region in question they do not contribute to the kinetic equation.

it would be possible to study a more complex model by introducing some form factor into the interaction Hamil-
tonian, but this would not affect the qualitative results.

The dynamic equations in normal form are obtained by varying Hamiltonian (2. 6):

é .

i "g‘{k - mAak = ;“ gbk'ck"é (k—k, _-k") dk’ dk”’
ab

i 5t — obe = b {auee*d (K —k—K) i dK” @
0

i _;Tk — ¢tk = A Sbk'*dkva (k”..— 1Y ____k) dk’ dk” .

From this dynamic system we can obtain a system of kinetic equations, as Galeev and Karpman did in [1},

44
= 4 ga (k—K —K) 8 (@, — 0y — 005) (k")) X

X (BK'CV—— ApBy — Aka”) dk’ dk" + viedy
4B

X = dath ga (k' —k —K) 8 (0, — 0 — @3 (K')) X

/] » (2. 8)
. X (Ak'Ck” + Ak'Bk — Bkan) dk’ dk” ,

acC, )
= 4, {8 (1 — K — k) 8 (01— 0, (K) — 04 (K) X
X (AxBy + Cudie— ExBie) di’ di",
where
Ay = (aga*), By = {bxbi*>, Cx ={eeti™

are the mean squares of the wave amplitudes. Obviously, Egs. (2.8) are satisfied by the Rayleigh-Jeans solutions:

Ak==T/(DA,‘ Bk=T/(DB, Ck=T/(Dc\.

In the first two equations (2. 8) we neglect the term ek?. Moreover, the term vy, which takes into account the
sources of the A-waves, is formally introduced.



Conservation laws (2. 5) imply that only those C-waves whose wave numbers satisfy the condition

kcz=k02;_.g.ﬁ., kO

2 - (Or— @) — of (2. 9)
W, T s ’

i.e., lie in a very namrow spherical layer, will take part in the process.
On integrating the last of equations (2. 8) with respect to k, we note that the term with the time derivative
- (ac
(5 i
is of the order of ek? and may be neglected. Introducing the mean value _C = (Cy), where the averaging is carried out
over the volume of the spherical layer, and assuming that the C~wave distribution is spherically symmetrical, we get

S Sk 4+k— k") (A By + C Ay — CByv) dk’ dk” . (2. 10)
We shall further confine ourselves to states for which
Ay 1 » By’ 1
4, <k B <k

We expand the right sides of (2. 9) in series with respect to k, and exclude from consideration everything beyond the
second term. Terms containing the first power of k, vanish. Considering only stationary states, we get

(C — Ay) (Bx + /o k®ABy) — CAx + 1,4k = 0 < _ v Vos+ sz) . @.11)
(C + B) (Ax + Yo ko?Ad) — CBy = 0 kST e
Applying conditions (2. 10) to Eqs. (2. 11) we get:
{ Acvdk 0. (2. 12)
This condition supplements system (2, 11). Further we put:
Ve=wv1 for |k|>k, V=0 for b>k|>k, Yr=—"v for|k|i>k . (2. 13)

The corresponding values of y}, are y;and y,.

This choice of sources simulates the real situation for instability in the longwave region and damping in the short-
wave region. We shall assume that ky > ki,

We now isolate By from the second of equations (2. 11) and, making use of the smallness of the term with the La-
placian, expand it in series with. respect to k% up to the first term. Substituting the result in the first equation, we get the
following equation for Ap:

1 YAy (¢ — Ak)
Mt 5= (VA + "z =0 . (2.14)
We shall solve it in three regions where the vy, and hence the yy, are constant.

1. Solution in the region of instability. We shall assume that the region of instability is narrow. Then the solution
in this region can be obtained by expanding Ay, in powers of k. We get (A is still an unknown constant)

Ay = Ay— ak? (a = W) . ©. 15)

The condition of applicability of the expansion will be a <« 1.

2. Solution in the region of transparency. In this region

. :
AAx+ T—4a; (VA4)?=0. (2. 16)
The general spherically symmetric solution of (2, 15) will be

A = C + cieh* (a, B == const). (2.17)
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3. Solution in the region of damping. We shall assume that in this region Ay is small and cite the linearized equa-
tion (2. 13) and its solution:

i & s k
AAI; = 5}%: Ay =0, Ay = WBXP [—- (%—) -,;z—:’ (8 == const) . (2, 18)

For the applicability of the starting assumptions it is necessary that

Yo/ C<€l . 2. 19)
Correct to higher-order terms, condition (2. 12) gives
Yk
131— k3Ag = Skoky V Cr? exp[ ( T2 ) k:] . (2. 20)

Matching the solutions at the point ky, for the region of transparency we get the approximation

~ Trdoks® \ |
Ap~C —(C — A,) exp (—m) . 2. 21)
Note that Aj must be of the order of or less than C (in the long run this is justified). Then, as a result of (2. 15) the ex-
ponent is small, and Ay changes little over the region of transparency and is approximately equal to A). Therefore in

matching at the point k, it is necessary to proceed with caution, since precisely in the neighborhood of ky there is
a region where the linearization of Eq. (2. 14) is not valid and solution (2. 18) will be incorrect. Therefore at the point

k, we shall match only the functions and not their derivatives. We have

8 ) Y2 k
A, ~ (72) 2 )
o= 4 eXp[ o) (2. 22)
Substituting (2. 22) in (2. 21), we get
1 lels 2 )
¢ = (siae) - .29

Now A, can be found from the following consideration. From (2. 21) it is clear that in the region of transparency
Ay differs little from the Rayleigh-Jeans distribution for some unknown temperature. Assuming that the gas of the A-
waves and the gas of the C-waves are in a state close to thermal equilibrium, we can put:

_ 9c (ko) (@1 —p)? 1/ vik®)\2
AO = &)A C, (l)c (ko) = (1)1 _ 032, or AU = 4;‘1}»232 -;2-— (3]1:0",‘22) \ (2. 24)

From (2. 24) it follows that A; <« C. Substituting (2. 23) in (2. 15) and (2. 19), we get the corresponding conditions
of applicability:

Te [ K Yo Foko? ]
n( )<1 - k3<1. (2. 25)

As may be seen from our work, the spectrum of weak turbulence really has the character usually attributed to it,
i.e., turbulence is established at the expense of the energy balance between waves generated in the region of instability
and damped in the region of absorption. However, the simple estimate that equates the orders of the term v;A and the
nonlinear term is very rough. It is interesting to note that in the region of transparency the spectrum differs 11ttle from
the Rayleigh-Jeans distribution.

The method described can be generalized to include the class of problems for which the surfaces in k-space de-
scribed by the equations

ok + k) =0 &)= (k), o (k— ki) = o (k) + o (k1)
is closed, while their maximum dimension is independent of k.
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